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THE OCCASION OF HIS RETIREMENT 
The following is proved: 
THEOREM. Let n be an integer, n > 2. Let F be afield with at least Max@, 3) 
distinct elements and let K be a separable extension field of dimension n over F. 
Then the group of all automorphisms of the n-dimensional circle geometry 
CG(F, K) is the group induced on the l-dimensional vector subspaces over K of the 
underlying 2-dimensional vector space V over K by the semi-linear permutations of 
V over Kfor which the associated automorphisms of K induce automorphisms of F. 
With the hope of broadening the interest in the foundations of geometry, the 
author attempts to give anough detail so that, without consulting the literature, any 
attentive algebraist can understand clearly both the content of the theorem and the 
pattern of its proof and can identify easily any gaps in his knowledge which might 
prevent him from viewing this paper as a contribution to geometry. Adequate 
references are given. 
COMMENTARY 
The theorem is well known for n = 2 and forms the basis for the study of 
Miquelian inversive planes. (See Dembowski [ 11,) In Bruck [2] I stated the 
theorem without proof (as Theorem 4.1, with slightly stronger hypotheses) 
and claimed that the proof was well known. When challenged by William 
Kantor (who had found a proof for the finite case) I was unable to produce a 
reference and (for several months) was equally unable to produce a proof. 
But, finally, I discovered how to prove the theorem by making use of a 
formula once (if not now) familiar to every undergraduate student of the 
integral calculus, namely, Lagrange’s interpolation formula. Thus the proof 
is merely a new combination of old ingredients and (in principle, at least) 
could have been produced by anyone who thought of combining Lagrange’s 
formula with the theory of semi-linear permutations. For this reason I feel 
that the elusive reference does exist and will be found some day. (If I am 
wrong, then I must have derived the theorem unconsciously from my 
knowledge of the connection between regular spreads and circle geometries.) 
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Nevertheless (as I have recently rediscovered) Lagrange’s formula is not 
contained in the modern geometer’s standard tool-kit. Let me explain. I 
obtained my proof some time ago (perhaps in 1975 or 1976) used it once in 
a graduate course on geometry, and then put it aside for publication on some 
suitable future occasion. When I thought that the occasion had arrived (in 
connection with Marshall Hall’s retirement) I was unable to find my paper 
and had a great deal of trouble in reconstructing the proof. In other words, 
the proof which I give here (and which, I hope, will one day seem inevitable) 
was born not once but twice, and the birth-pangs were almost as severe the 
second time as the first. 
In the absence of the original paper I cannot be precise. However, I 
believe that the present theorem is slightly broader than the original and the 
present proof, slightly more complicated. 
1. BACKGROUND MATERIAL 
We shall assume henceforth that n, G and K satisfy the hypotheses of the 
theorem. 
First consider the Lagrange interpolation formula. Let D(X) be an element 
of the polynomial ring F(X) defined by 
where .f, ,.A ,...,f, are n distinct elements of F. (These elementsfi will remain 
fixed throughout the paper.) Let N(x) be any element of F[X] of degree <n. 
Then, in the field of quotients, F(X), of F[X], we have (according to the 
Lagrange interpolation formula) 
N(X) D(X)-’ = 2 gi(X-fi)-’ 
i=I 
for a unique sequence { g, ( 1 < i < n) of elements of F. Explicitly, 
8i = N(f,) d; ‘7 i = 1, 2 ,..., n, 
where 
(l-2) 
(1.3) 
(1.4) 
The proof is surely well known and can be omitted. 
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We shall also need a second version of (1.2). Let a: f -+ f a be an 
automorphism of F. Let a act on F[X] as follows: If 
H(x) = c h,X’ (1.5) 
i 
is in F[X] (so that the h, are in F) then 
(1.6) 
Then a acts as an automorphism of F[X]. By a natural extension, a acts as 
an automorphism of the field F(X), and (1.2) implies 
N”(x) D”(x)-’ = t gT(X- f g)-‘. 
i=l 
(1.7) 
Next we must set up the circle geometry CG(F, K) and discuss it briefly. 
(See [2] for more details and for an extensive theory of the case that K is 
Galois over F and n is an odd prime.) 
We define CG(F, K) in terms of a 2-dimensional vector space V over K. 
By a point of CG(F, K) we mean a l-dimensional vector subspace of V over 
K. Let P, , P,, P, be three distinct points of CG(F, K) and let e, be a nonzero 
vector in P, ; then there exist unique nonzero vectors e2 , e3 in P,, P, , respec- 
tively, such that 
e, + e2 + e3 = 0. (l-8) 
Of course, ei is a basis vector for Pi over K for each i, a fact which we 
symbolize by 
pf = (ei>, i= 1,2,3. (1.9) 
Also, each two of e, , e2, e3 are linearly independent over K, so that 
v=(e,,e,>=(e,,e,>=(e,,e,>. (1.10) 
We define the circle (P,, P,, P3) to be the set of all points of CG(F, K) 
which contain at least one nonzero vector of form xe, + ye,, where x, y are 
in F. It is easy to verify the following: (a) (P, , P,, P3) is independent of the 
particular (nonzero) choice of e, in P, . (b) (P, , P,, P3) contains P, , P, and 
P,. (c) If (P,, P,, P3) contains three distinct points Q,, Q2, Q,, then 
(P, , P,, P3) = (Q, , Q, , Qr). We define CG(F, K) to be the system consisting 
of the points and circles just defined, with incidence between a point and 
circle defined by the containing relation. 
By an automorphism of CG(F, K) we mean a permutation of the point-set 
of CG(F, K) which maps circles upon circles. The set, call it r, of all such 
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automorphisms, is a group under multiplication, namely, the automorphism 
group of CG(F, K). 
By a semi-linear permutation, T, of V over K we mean a bijection, 
i? v -+ VT, of V which has the additive property 
(v + w)T= VT+ wT, vv, w E v, (1.11) 
and is associated with an automorphism 0: k -+ ke of K such that 
(kv)T = k’(vT), VkEK, VvE V. (1.12) 
To each such T corresponds a permutation T* of the points of CG(F, K) 
defined by 
(v)T* = (VT), VVEV, vzo. (1.13) 
As is easily shown, a necessary and sufficient condition that T* be an 
automorphism of CG(F, K) is that the restriction of 0 to F be an 
automorphism of F. The set, P,,, of all T* with this additional property is a 
subgroup of r. The conclusion of our theorem is that r= r,,. 
It is easy to show that PO is triply transitive on the points of CG(F, K). 
Consequently, if we can show that every automorphism of CG(F, K) which 
fixes three distinct points of CG(F, K) is in P,,, we will have proved the 
theorem. 
This consideration leads us to study an afline representation of CG(F, K). 
We select three distinct points P, , P,, P, and a corresponding set of nonzero 
vectors e,, e2, e3 subject to (1.8), (1.9). Then, introducing a symbol co not in 
K, we define 
P(m) = (e,); P(k) = (ke, + e,), VkEK. (1.14) 
We observe, first, that 
P(m) = P,, P(0) = P,, P(1) = P, (1.15) 
and, secondly, that every point of CG(F, K) distinct from P, has form P(k) 
for a unique k in K. In addition, it is easy to see that if a, b are any two 
distinct elements of K, then 
(P(co), P(a), P(b)) = {P(~)l U FYa +f(b - a)) If E FL Q-16) 
For present purposes, we need not consider the corresponding formula for a 
circle not containing P, = P(m). (This is to be found in [2].) 
With (1.16) as our justification, we define the following system AG(F, K): 
The points of AG(F, K) are the elements of K. The line of AG(F, K) joining 
two distinct points a, b of AG(F, K) is the set of all points of form 
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a f f(b - a), where f is in F, ; and every line of AG(F, K) has this form. 
Going on, we define an affine subspace, B, of AG(F, K) to be a non-empty 
set, B, of points of AG(F, K) subject to the following property: 
(i) Ifa,bEB andfEF, then a+f(b-a)EB. 
(Note that (i) holds trivially when a = b.) Because of the (essential) 
hypotheses that F has at least three distinct elements, it is easy to show that 
an affine subspace B also satisfies 
(ii) Ifa,b,cEB, thena-b+cEB. 
Using (i), (ii) together, it is even easier to show that B is an additive coset 
of a vector subspace of K over F. Conversely, if, for some integer t > 0, B is 
an additive coset of a t-dimensional vector subspace of K over F, then B is 
an affine subspace of AG(F, K)---and, of course, B is said to be t- 
dimensional. Since K is n-dimensional over F, it should now be clear that 
AG(F, K) is a faimiliar model of an n-dimensional affine space over F. 
Now consider an automorphism W: P + PW of CG(G, K) which fixes 
each of the points P, = P(co), P, = P(O), P, = P(1). Since W fixes P(m), W 
must permute the points P(k), k E K. Therefore the equation 
P(k) W = P(kq, k E K, (1.17) 
defines a permutation T of K. We also have 
mT= 00, OT= 0, IT= 1, (1.18) 
(the first by a natural extension of 7’) since W fixes each of P(m), P(O), 
P(1). In addition, since W fixes P(m) and maps circles of CG(F, K) upon of 
CG(F, K), then W maps circles through P(m) upon circles through P(m). 
At this stage, we know that T permutes the points of AG(F, K) and maps 
lines upon lines. It is the intuitively obvious (and can be shown to be true) 
that T permutes the affine subspaces of AG(F, K) and preserves dimension. 
To sum up: 
T is a collineation of AG(F, K) which fixes 0, 1 (and co). (1.19) 
Although (1.19) will prove a great help, we need something more. Let E 
be the following linear permutation of V over K: 
(k,e, + k,e,)E= k,e, + k,e,, Vk,,k,EK. (1.20) 
Then the automorphism E * of CG(F, K) interchanges P(m), P(O), fixes 
P(l), and has order 2. In addition, if k is a nonzero element of K, 
P(k)E* = ((ke, + e,)E) = (e, + ke,) = (k-‘e, + e2) = P(k-‘). 
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Hence E* corresponds to the “inverse” mapping, J of co UK, defined by 
ooJ=O, OJ= co, kJ= k-‘, VkEK, k#O. (1.21) 
Moreover, E* WE* is an automorphism of CG(F, K) which fixes each of 
P( co), P(O), P( 1). Hence, if a define 
S = JTJ, (1.22) 
we have 
JT= SJ (1.23) 
and 
S is a collineation of AG(F, K) which fixes 0, 1 (and co.) (1.24) 
Now we are nearly ready to use Lagrange’s formula. 
2. THE ROLE OF LAGRANGE'S FORMULA 
Having blundered once, I am a little nervous about describing the 
collineation groups of (Desarguesian) affine and projective spaces as “well 
known.” Perhaps it would be best to refer the reader to Dembowski [ 11 and 
to the various books on collineations mentioned therein, including those by 
E. Artin, R. Baer, and J. Dieudonne. For present purposes, all we need is the 
following: 
Since (by (1.19)) T is a collineation of AG(F, K) which fixes 0, then T is 
a semi-linear permutation of K over F. Thus T is a bijection of K with the 
additive property 
(k, + k,)T = k, T + k, T, Vk, , k, E K 
and there exists an automorphism a of F such that 
(2-l) 
(Jk)T = f” WI Vf EF, kEK, 
Since T also fixes 1, we take k = 1 in (2.2) we get 
(2.2) 
JT=f =, VfEF, (2.3) 
Similarly, by (1.24), (1.22), (1.21), S is a bijection of K and (2.1), (2.2), 
(2.3) remain true (with a unchanged) when T is replaced by S. 
Next a tiny bit of field theory. Since K is an n-dimensional separable 
extension field of F, there exists at least one element a in K such that 
K=F[a]. (2.4) 
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Since n > 2, the element a is not in F, Therefore, also, the element 
b=aS (2.5) 
is in K but not in F. Thus, if f E F, then a -J; b - fare nonzero and 
(a -j--IT= (a -f)JT= (a-f) SJ= (US -fly= (b -fa)-‘. 
Therefore 
(a -j--IT= (b-f=)-‘, VfEF. (2.6) 
Now, if N(X) is in F[X] and has degree less than n, we may replace X by 
a in (1.21) and apply T to both sides of the result. Using (2.1), (2.2), (2.6) in 
turn, we get 
= $‘, gW -.I-:)- ‘+ 
Comparing this with the result of replacing X by b in (1.7), we see that 
(N(a)D(a)-‘}T=N”(b)D”(b)-’ (2.7) 
for every such N(X). 
Next consider the polynomial N(X) defined by 
N(X) = D(X) - M(X), 
where M(X) is the minimal polynomial of a over F. Since D(X) and M(X) 
are both manic of degree n, then N(X) has degree <n, so (2.7) applies. In 
this case, N(a) = D(a), so the left-hand side of (2.7) reduces to 1 T = 1. 
Therefore N”(b) = D”(B). However, 
N”(X) = D”(X) -M”(X), N*(b) = D”(b) -M”(b), 
so we have 
M(a) = 0 = M”(b). (2.8) 
This time, for any H(X) in F[X], let Q(X) be the quotient and remainder, 
respectively, on dividing H(X)D(X) by M(x). Thus 
H(X) D(X) = M(X) Q(X) + NV), 
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Ha(X) D”(x) = Ma(X) Qa(X) + N”(X). 
Moreover, since deg M(X) = n, then deg N(X) < FL Therefore (2.7) applies 
once more, but this time, in view of (2.8), we get 
H(u)T = H”(b), V&Y) E F[X]. (2.9) 
Finally, for any H,(X), H,(X) in F[X], we get, by three applications of 
(2.91, 
From this, (2.4), and the fact that T is a permutation of K, we may conclude 
that T is an automorphism of K. Equivalently, 
kT= ke, VkE K, (2.10) 
where 8: k -+ ke is an automorphism of K. In addition, by (2.3), 8 induces an 
automorphism of F. 
Going back to the automorphism W of CG(F, K) and, in particular, to 
(1.17), and using (2.10), we now have 
P(a~)W=,P(coo); P(k)W=P(ke), VkE K, (2.11) 
where 8 is an automorphism of K which induces an automorphism of F. 
Consider the mapping Z of V defined by 
(k,e, -i ke,)Z= k:e, + kte2, Vk, , k, E K. (2.12) 
We may verify easily that Z is a semi-linear permutation of V over K and 
Z* = W. Hence W is in To, therefore r = r,, and the proof of the theorem is 
complete. 
REFERENCES 
1. P. DEMBOWSKI, “Finite Geometries,” Springer-Verlag, New York, 1968. 
2. R. H. BRUCK, Circle in higher dimensions, II, Geomerriae Dedicara 2 (1973), 133-188. 
